We study the connection between the BCS pairing model and the inhomogeneous vertex model. The two spectral problems coincide in the quasi-classical limit of the off-shell Bethe Ansatz of the disordered six vertex model. The latter problem is transformed into an auxiliary spectral problem which corresponds to the diagonalization of the integrals of motion of the BCS model. A generating functional whose quasi classical expansion leads to the constants of motion of the BCS model and in particular the Hamiltonian, is identified.
Introduction
One of the most successful models of interacting electrons is the BCS model of pairing [1] . Originally proposed to describe properties of superconductors [2] , the pairing idea has been applied to a large variety of physical systems in nuclear physics [3] and in QCD [4] . Recent experiments in metallic nanoparticles [5] have renewed the interest in the problem of BCS superconductivity in mesoscopic systems [6] . The BCS Hamiltonian consists of a kinetic and an interaction term which describes the attraction The BCS model Eq. (1) is exactly solvable. The solution was found by Richardson and Sherman (RS) already in 1964 [7] and independently by Gaudin [8] . The method employed in Ref. [7] has analogies with the coordinate Bethe Ansatz (BA) technique. In fact, in the coordinate BA the ansatz functions are plane waves (describing free particles) modified to include the interaction. In the Richardson and Sherman solution the ansatz functions are the solutions of the model when pairs of time-reversed electrons are treated as bosons; the modification is due to the effect of the Pauli principle, which forbids two "Cooper pairs" to have the same internal quantum numbers. In both the RS and the BA procedures the modification enters the set of the algebraic equations for the rapidities (Bethe equations) parameterizing the eigenvalues of the Hamiltonian.
The integrals of motion of the BCS model were found more recently [10] . Correlation functions were studied in Ref. [11] , by using the exact eigenstates of the Hamiltonian Eq.(1), but the exact expression could not be obtained. The difficulty encountered is not surprising since coordinate BA solvability does not necessarily allow the evaluation of correlators, which involves implicitly the diagonalization of higher integrals of motion (besides the Hamiltonian). BA solvability and quantum integrability [12] can be studied in a unified framework by means of the Quantum Inverse Scattering Method (QISM) [13, 14] . In particular, the Hamiltonian is diagonalizable since it is incorporated in the algebraic structure provided by the Quantum Yang-Baxter equation for the universal matrix R. This equation is a sufficient condition for the existence of a family of (transfer) matrices generating commuting integrals of motion of the Hamiltonian (which turns out integrable). It is worthwhile to note that the existence of the algebraic BA solution often provided a powerful tool for the calculation of correlation functions for a large variety of models [14] . The aim of the present work is to find a QISM for the BCS pairing problem. In the limit of g → ∞, this can be done by extracting results from the existing literature. In fact in this limit the diagonalization of the BCS model coincides with the diagonalization of the Gaudin magnet model [8, 9] , discussed in the the Appendix. The connection between the Gaudin model and the inhomogeneous vertex models [15] [16] [17] [18] has been studied by Babujan [19] who found that the BA equations of the Gaudin model can be obtained by taking the quasi-classical limit of the BA equations of vertex models.
For finite coupling constant g the BCS problem, is not solved by the BA equations of the Gaudin model. We show that the diagonalization of the BCS model is connected to the diagonalization of the transfer matrix of a disordered six vertex model through a a new procedure, called Off-Shell BA (OSBA) [19] . The OSBA deals with the off diagonal terms generated by the application of the transfer matrix to the Bethe vectors.
A strong hint towards our result is provided by a recent work by Sierra [20] who has shown connection between the BCS pairing model and a su(2) c Wess-Zumino-Novikov-Witten Conformal Field Theory (CFT), in the singular limit when the central charge is infinite. While full conformal invariance is recovered in the Gaudin limit g → ∞, the problem for finite g is studied in the spirit of perturbed CFT [21] . Sierra found that RS wave functions solve the Knizhnik-Zamolodchikov equations for the CFT correlation functions. The results of Sierra are indeed related to connection existing between models in statistical mechanics and correlations functions of a suitable CFT established through the OSBA. Indeed solving the quasi classical OSBA equations is equivalent to solve the Knizhnik-Zamolodchikov equations [22, 23] and in particular the quasi-classical OSBA equations for the vertex models generate the correlators of the su(2) Wess-Zumino-Novikov-Witten CFT.
In this work we show how the BCS pairing model for arbitrary g is recovered by the OSBA of a disordered six vertex model. The paper is organized as follows. In section II we will review the exact solution of the pairing model. In section III the quasi-classical expansion of the OSBA of the disordered six vertex model is identified as the diagonalization of the BCS model. Section IV is devoted to the conclusions. The connection between the diagonalization of the pairing model for large pairing coupling constant g and the diagonalization of Gaudin magnet is reported in Appendix.
The exact solution of the pairing Hamiltonian
In this section we discuss the exact solution [7, 8] of the BCS pairing model, Eq. (1) and summarize the formulation of its integrability. The interaction in Eq (1) scatters paired electrons. Unpaired electrons are frozen and block the energy level they occupy. So we can focus on the case when the number of particles N is even and no broken pairs are present. The Schrödinger equation for N electrons in Ω doubly degenerate noninteracting levels
has the solution [7, 8] 
The operators σ (2) in the lowest representation. The vacuum state is the highest weight vector of su (2): |0 := |1/2, −1/2 . The operators {σ ± (e α , ε), σ z (e α , ε)} generate (for generic e α ) the Gaudin algebra G[sl (2)] (see the Appendix and Eqs. (23) of the next section). The energy E is given in terms of the spectral parameters e α which satisfy the algebraic equations [7] 
Using the spin realization of electron pairs {σ z j , σ ± j }, the pairing Hamiltonian can be written as a quantum spin model with long range interaction in a non uniform fictitious magnetic field, given by ε j
Cambiaggio et. al. [10] found that the integrals of motion τ j , with j ∈ {1, . . . , Ω}, of this model, if ε j = ε l , ∀j = l have the form
and satisfy the commutation relations [H,
The diagonalization of the Hamiltonian (5) is equivalent to diagonalize (all) the integrals τ j . In fact the pairing Hamiltonian can be expressed as function of the integrals of motion as
In the limit g → ∞ the problem is equivalent to the diagonalization of (all) the Gaudin Hamiltonians, Eq. (7) (see the Appendix for details). In the next section we shall see how the integrals (6) as well the Hamiltonian (8) can be diagonalized within the OSBA procedure.
3 The inhomogeneous vertex model and the pairing model
Vertex models are two dimensional classical models which were solved long ago by inverse methods [15] . Generalizations to su(2) higher representations and to include disorder were intensively studied. In particular, the integrability of the six vertex model has been shown preserved if different su(2) representations of the spins are considered simultaneously in the model [16] . Six vertex models in certain disordered lattice [17, 18] have been also studied.
In this section we introduce a vertex model in which the inhomogeneity is due to the combination of (certain, see below) disordered distribution of both the spin and the impurities in the lattice. We apply the scheme developed by Babujian et. al. [19] to relate this inhomogeneous vertex models and the BCS Hamiltonian. It is due to both the spin inhomogeneity and impurities distributed in the lattice:
The model is defined in the following way. On the edges of the square lattice Λ : (λ − z j ) where λ is the spectral parameter. The quantities z j (see also Ref. [17] ) shift spectral parameters due to inhomogeneities which we assume distributed only along the columns of Λ (Fig. 1) .
The variables z j take into account of disorder induced by the mixture of spin representations and/or by the actual distribution of impurities I j in Λ: z j ≡ z(S j ) + z(I j ). We assume that both z(S j ) and z(I j ) enters the universal matrix (see Eq. (9) below) in the same functional form. The disordered six vertex model cor-responds to the choice: z(S j ) ≡ 0, z(I j ) = 0. We assume periodic boundary conditions. The transfer matrix T (λ|z) (where z := (z 1 . . . z N h )) can be expressed in terms of rational R-matrix
where f (x, η) := 2η/(η − 2x) depending on the arbitrary parameter η ∈ IR. The physical R-matrix of the model corresponds to take X ≡ S in (9); the auxiliary one corresponds to X ≡ σ and z = 0. Both these matrices fulfill homogeneous (S ≡ σ) Yang-Baxter relations; in addition they have to fulfill the inhomogeneous (S = σ) one [16] :
and R 23 act as the identity in the vector spaces 3 and 1 respectively. Eq. (10) is the sufficient condition for which the model, can be solved by diagonalizing the column to column (which is 2 × 2 matrix in operators S j ) transfer matrix (instead of the row to row one which is (2s j + 1) × (2s j + 1)) obtained through the trace in the two dimensional horizontal vector space (which is spanned by spins along the rows of Λ) labelled by "(0)":
The transfer matrices commute at different values of spectral parameters: [T (λ|z), T (µ|z)] = 0 (it proves the integrability of the model) since the monodromy matrix J(λ|z) :=
induced by Eq. (10). The matrices R (0)
S j and R σ are:
where:
The application of the transfer matrix to the Bethe vector Φ(λ 1 . . . λ N h |z) reads:
(for the explicit form of the quantities (14), see Ref. [19] ). The condition for the diagonalization of T (and of the constants of motion generated by T ) is that spectral parameters are chosen to cancel the "unwanted terms": α F α /(λ − λ α )Φ α in the spectral problem (14); a sufficient condition is: F α = 0 (algebraic BA equations). Such a condition has been termed as "MassShell" constraint [19] imposed on Eq. (14) . The OSBA spectral problem, instead, arises when the "unwanted terms" are considered in Eq. (14) . The solution of the OSBA equations is in general ambiguous (since spectral parameters result unfixed). Nevertheless, the statement of the OSBA problem has been shown remarkable in the quasi-classical limit. In fact, it was discovered that the solutions of the quasi-classical OSBA problem satisfy the Knizhnik-Zamolodchikov equations [22, 23] for the su (2) CFT.
In the following we shall see that the quasi-classical limit of the OSBA problem for the disordered vertex model is solved by spectral parameters fulfilling the Eqs. (4).
The quasi-classical limit of the vertex model is obtained through the expansion of R X (x; η) in powers of η = 0 such that R X (x; 0) is the identity. The system generates a hierarchy of integrable systems in the quasi-classical limit since:
where we have used the η-expansion of the transfer matrix:
, the transfer matrix reads:
where the Hamiltonians H j in Eq. (16) are:
Using the expressions for the monodromy, transfer, and universal matrices Eqs. (9), (11), the quasi-classical limit of the OSBA Eq. (14) reads:
up to order O(η N +2 ) (see Ref. [19] for the explicit form of h and φ α in (18)). By integrating Eq. (18) on a closed loop in the complex λ-plane encircling the pole λ = z j we obtain:
The Bethe vectors in the quasi-classical limit are:
Here |vac = ⊗ N v j=1 |s j , −s j , where S − j |s j , −s j = 0, i.e. |vac is the highest weight vector in ⊗ j su(2) j . The three operators S
The "Mass-Shell" constraint: f α = 0 corresponds to the diagonalization of the Gaudin model (see Appendix).
The solution of the spectral problem for the pairing model is recovered substituting
in the left hand side of Eqs. (21) . In fact, the resulting equations coincide with Eqs. (4). Substituting Eqs. (23) in (19) , and summing over index j = 1 . . . N v we obtain:
where we have used the fact that:
Eq. (24) shows that, the OSBA spectral problem is transformed in a spectral problem involving only diagonal matrix elements of suitably shifted (by f α ) transfer matrix of the vertex model (in the quasi classical limit).
Since the limit g → ∞ should correspond to the same result of f α → 0 for generic s j (compare with Eqs (A.4)), we impose that the distribution of spins S j through the lattice fulfills the condition:
In this case Eq. (23) reduces to:
We choose s j = 1/2 ∀j in order to fulfill Eq. (25) (7)). Eq. (24) can be transformed in the following eigenvalue equation:
where Eqs. (4) (or (21), (26) ), (20) , and: 
We point out that quantities in (28) are the eigenvalues of operators τ j in Eq. (6) for generic Ω/N . At "half filling" Ω = 2N Eq. (28) reduces to:
Equations (28), (29) coincide with those ones also found by Sierra in the Ref. [20] . The OSBA problem for the disordered six vertex model (which does not account for diagonalizing the transfer matrix of the vertex model) reveals the existence of a class of spectral problems (parameterized by f α ) which turns out to be diagonal on the quasi-classical Bethe vectors basis. For f α fixed by Eqs. (26) the diagonalization of the integrals of motion τ j of the BCS model is obtained.
The pairing Hamiltonian can be obtained from functionals of τ j whose quasi-classical expansion have the following form (see also Ref. [24] ):
where τ (e) is:
We point out that [T (e|z), T (e ′ |z)] = 0 , ∀e, e ′ since quantities τ j 's commute each other. The residue in the poles e = 2ε j of the η 2 coefficient provides the integrals of motion τ j . The residue of the η 4 coefficient reads:
Eq. (32) reduces to the pairing Hamiltonian (compare with (8)).
In conclusion we have established a connection between the disordered six vertex model and the pairing model, which provides a unified framework for the disordered six vertex model together with its quasi-classical version (the Gaudin model), and the BCS pairing model. For finite g the pairing model is diagonalized by the quasi classical limit of the OSBA equations of the disordered six vertex model. This amounts in retaining thr off diagonal terms of the transfer matrix of the vertex model, but it does corresponds to the diagonalization of the integrals of motion of the pairing model. The "mass shell" condition (and then the diagonalization of the quasi classical transfer matrix of the vertex model) is recovered in the limit g → ∞; the corresponding problem is the Gaudin spectral problem.
The existence of the relation between BCS model and quasiclassical vertex models, found in the present paper, is consistent with the correspondence between CFT and the BCS model recently found by Sierra [20] .
An interesting development of the present work might be the calculation of the correlation functions of the BCS pairing model. Indeed, Eqs. (4) were already conjectured by Gaudin (see formulas (5.15), (5.16) of Ref. [9] ) as connected (through Jacobian of certain matrices) with the norms of the Bethe vectors, det(∂f α /∂e β ) ∼ φ (see Refs. [11] , [25] ). We have shown in this work that the Jacobian is connected with OSBA of the vertex model. This might be useful to compute norms (and scalar products) and, then, to express the correlation functions of the BCS model as suitable determinants. This exact calculation is a future major task. To this end it is important to fix also the universal R matrix for the BCS model (for finite g) which is still an open problem (in the mass shell BA for the BCS model framework). The present work suggests that the R-matrix of the BCS model is related to the quasi classical limit of the scattering matrix of the We point out that Eqs. (A.2) are the limit g → ∞ of Eqs. (4) for the pairing model. In this limit the two models have the same eigenvectors (see Eqs (3), (4), (A.2)). Thus the diagonalization of the Gaudin model is equivalent to the diagonalization of the BCS model for g → ∞.
The limit of large g in Eq. (8) gives:
which (consistently) reproduce the Hamiltonian (1) for large g.
The QISM was applied to Gaudin magnet for generic spin S j in Ref. [26] . In this case the Gaudin Hamiltonians are: H l := Ω j=1 j =l S l · S j /(ε j − ε l ). The spectral parameters obey: where −s j corresponds to the highest weight vector of S j .
